The ring-core technique allows for the determination of non-uniform residual stresses from the surface up to relatively higher depths as compared to the hole-drilling technique. The integral method, which is usually applied to hole-drilling, can also be used for elaborating the results of the ring-core test since these two experimental techniques share the axisymmetric geometry and the 0°-45°-90°layout of the strain gage rosette. The aim of this article is to provide accurate coefficients which can be used for evaluating the residual stress distribution by the ring-core integral method. The coefficients have been obtained by elaborating the results of a very refined plane harmonic axisymmetric finite element model and verified with an independent three-dimensional model. The coefficients for small depth steps were initially provided, and then the values for multiple integer step depths were also derived by manipulating the high-resolution coefficient matrices, thus showing how the present results can be practically used for obtaining the residual stresses according to different depth sequences, even non-uniform. This analysis also allowed the evaluation of the eccentricity effect which turned out to be negligible due to the symmetry of the problem. An applicative example was reported in which the input of the experimentally measured relaxed strains was elaborated with different depth resolutions, and the obtained residual stress distributions were compared.
Introduction
Hole-drilling and ring-core are semi-destructive mechanical techniques used for determining residual stresses at the surface and in the near-surface regions, in components with a locally flat surface. Both techniques are based on axisymmetric material removal. Hole-drilling is a well-established procedure defined by internationally accepted standards.
1,2 Ring-core was introduced more than 20 years ago; [3] [4] [5] [6] however, it was deeply investigated and developed only recently, especially in terms of sensitivity and uncertainty analysis, [7] [8] [9] [10] and even applied at the microscale. 11, 12 In hole-drilling, the material is removed at the centre of a rosette, and thus the relaxed strains are measured at the periphery of the hole, whereas in ring-core the strains are measured in the central internal region, as shown in Figure 1 . These two techniques can be considered complementary. Hole-drilling is more popular being dedicated to measure the residual stresses near the surface [13] [14] [15] [16] [17] [18] (typically in the layer up to 1 mm, or slightly larger) while ring-core technique, having a large groove diameter, 19 is usually suitable for larger size components where the residual stresses at depths in the order of a few millimetres are of interest, such as rotor forging 20 or thick welded plates.
produced by ring-core, 8, 10, 22 since the axial symmetry of the problem and the grid layout according to the 0°-45°-90°scheme are the same. However, other numerical techniques for the residual stress determination have been proposed, such as the incremental strain method 21, 23, 24 or the influence function analytical technique as proposed by Beghini et al. 13, 14 for holedrilling.
This article presents an accurate finite element (FE) analysis, based on the plane harmonic axisymmetric elements, by which the coefficients for applying the integral method to ring-core were obtained. It is worth noting that the use of a plane model with harmonic elements for solving this problem does not imply any approximation as the element type captures exactly the angular dependence of the solution. This FE approach is highly recommended for a parametric analysis of this type as dramatically reduces the number of nodes and elements if compared to a three-dimensional (3D) model with equivalent level of accuracy. Recently, Salvati et al. 12 used an axisymmetric model to interpret the equibiaxial component in a micro ring-core measurement. However, as shown by Barsanti et al. 25 for the hole-drilling method, the axisymmetric elements with the harmonic feature allow to model the shear components too and consequently any in-plane stress condition. In other words, the (simple) axisymmetric element type allows the determination of equibiaxial matrix a, while with the harmonic axisymmetric elements both matrices a and b can be obtained.
The ring-core geometrical parameters are shown in Figure 1 where the grid dimensions reproduce the HBM RY51 rosette. The aim of this article is to obtain and provide the coefficients for a sequence of small depth steps (DH = 0:1 mm) to give the possibility to derive, with simple calculations, the coefficients for larger steps too. The consistency of the results was validated with a 3D FE model completely independent from the reference axisymmetric model used for the calculation of the proposed coefficients. Finally, an applicative example illustrates the practical use of the provided coefficients.
Outline of the integral method
For a plane problem under a uniform residual stress field and according to the hypothesis that the grid centre belongs to the cylindrical groove axis, the relationship relating the measured relaxed strain e r to the principal (residual) stresses, as introduced by Schajer, 26, 27 is e r (q) = A(s max + s min ) + B(s max À s min )cos(2q)
where s max and s min are the maximum and minimum residual normal stresses, respectively, q is the angle between the principal direction of s max and the axis of the grid, and A, B are two constants depending on the geometry and elastic material properties E and n. From equation (1), the following matrix relationship is obtained in which the subscripts 1, 2, and 3 are related to the three grid directions according to the 0°-45°-90°s cheme and then 1 and 3 are the two orthogonal directions which can be taken as the local reference frame ( Figure 1 ). As directions 1 and 3 are in general not coincident with the residual stress principal directions, the shear stress component t 13 can be nonzero. The form of equation (2) suggests that three scalar relationships can be written in a decoupled form, after introducing three strains and three stresses' new variables which are linear combinations of the reference frame strain and stress components. The definitions of these variables can be retrieved in the standard ASTM E837, and the following quantities are needed to be introduced for the measured strains
in which p is the equibiaxial and q and t are the shear components, and the sign of t is discussed below. The residual stresses can be similarly combined, thus defining an equibiaxial P and two shear components Q, T Figure 1 . Ring-core technique, typical dimensions of the circular groove and strain gage grids.
After defining the combined strains p, q, t and combined stresses P, Q, T, equation (2) By introducing the material Young's modulus and Poisson's ratio, the relationship available in the ASTM standard 1 can be obtained
where the dimensionless positive coefficients a and b only depend on the ratios between the groove diameters and the grid dimensions. In principle, a and b are unaffected by the Poisson's ratio n only for a plane stress model, that is, for a through-thickness hole geometry, while this is not true in a general 3D problem. The Poisson's ratio dependence in equation (6) is therefore only approximate. In fact, the coefficients are functions of the Poisson's ratio, a(n) and b(n); however, in the range of 0:25 \ n \ 0:35, the differences are in the order of a few percent, thus it is usually assumed as a = a(0:3) and b = b(0:3). When the residual stresses vary along the depth direction, the same approach can be followed but a vectorial form is required. If the circular groove is performed in n steps, usually each with the same depth DH, the scalars p, q, t and P, Q, T are replaced by ndimensional vectors
and P = (P (1) ,
which represent the combined strains and stresses, respectively, at each ith depth step: i = 1, . . . , n. The general p (i) term represents the combined relaxed strain (equation (3)) measured when the groove depth is i3DH, while P (i) represents the combined stress that is assumed to be uniform from the depth (i À 1)3DH to i3DH. Similar definitions are valid for q (i) , t (i) and shear stresses Q (i) , T (i) . Consequently, the scalars a and b in equation (6) have to be replaced by n3n lower triangular matrices a and b. By combining the definitions and the relations introduced above, the matrix form of the integral method is
When matrices a, b are available, the residual stress distribution of any experimental case can be deduced from the measured strains by solving linear systems (9) . The elements a ij , b ij of the just defined calibration matrices for ring-core are calculated and provided in the next section.
A discussion about the sign of the combined strain t has already been provided by Barsanti et al. 25 for holedrilling, and it is reconsidered here for ring-core as it can be a source of formal errors in elaboration. After introducing the orientations of directions 1 and 3, if the second grid is along the bisector of a quadrant where the coordinates have the same sign (first or third quadrant; Figure 2 ), and the residual shear t 13 is positive, a negative (contraction) strain is measured by the second grid after introducing the groove. Assuming no equibiaxial strain component, the combined strain t is equal to e 2 , equation (3), thus it is negative too. According to equation (9) , the combined stress T, which is equal to the shear stress t 13 , and the combined strain t have opposite sign, thus confirming the accurate definition of the last of equation (3) . On the contrary, if the second grid is aligned with the bisector of a quadrant with opposite sign coordinates (second or fourth quadrant), the second grid strain and the shear stress have the same sign, and then the opposite definition of the last of equation (3) is required, in agreement with the ASTM standard. However, the scheme with the second grid along the bisector of the first or the third quadrant is preferred in this work, thus the sign of the last of equations (3) is confirmed.
Axisymmetric harmonic FE model
A refined plane FE model was generated with five nested regions having different nodal density. The element size was reduced by a factor of 2 when passing from one region to the internal one, to have the innermost zone, where the material removal is simulated, with 0.1-mm square-shaped elements, and this element edge was 70 times smaller than the internal radius of the groove (Figure 3(a) ). The FE model height and width were chosen much larger than the groove internal radius (Figure 3(a) ) to reproduce the condition of a virtually semi-infinite body. The far-field boundary conditions influenced the simulated displacements within the groove, and the calculated coefficients, with an estimated effect in the order of 10
À3 . Approximately 126,000 axisymmetric harmonic elements were used, and the element type was ANSYS Ò Plane25. In agreement with equation (9), the general state of residual stress was represented by superimposing an equibiaxial stress and two pure shears. The equibiaxial and the pure shear stress components were applied as two independent load steps ( Figure 3(b) ). Only a single shear stress component was actually required to be modelled, as the matrix to be determined is just b for both shears. The equibiaxial load was modelled with a zero-order harmonic analysis, that is, a radial pressure constant in the angular direction, applied on the cylindrical surfaces of the groove. Whereas the shear load was obtained by superimposing a normal and a tangential traction distributions, both as second-order harmonics with 2q variation, relatively shifted by an angle of 45 8 ( Figure 3(b) ). Similar to the simulations for hole-drilling technique, 25 the FE model is residual stress free, the material at the groove is preliminarily removed, and proper tractions are applied to both the inner and outer cylindrical surfaces. Actually, the physical problem is the opposite. Residual stresses are pre-existing, so the material removal relaxes to zero the tractions at the surfaces of the groove. To take into account this alternative way of modelling, a minus sign has to be introduced in the relation between stresses and strains. In fact, by applying the traction at the free surfaces, the opposite strain is obtained with respect to the theoretical removal of the material.
The same resolution of the model geometry was applied to the integral method load step, thus DH = 0:1 mm. For example, when the groove had depth H = 4:2 mm, 42 load positions were analysed, the first with the load from 0.0 to 0.1 mm, then from 0.1 to 0.2 mm, and so on. Since the maximum considered groove depth was H max = 5:0 mm, the total number of single simulations (equibiaxial and pure shear) was 23(503(50 + 1)=2) = 2550.
Coefficients for the integral method

Coefficient derivation from the displacement fields
The coefficients of matrices a, b can be derived by imposing a single unitary traction at each depth position, as described in the previous section, and calculating with the FE results the combined strains virtually measured by the rosette. For instance, to calculate the a ij element, the stress components P (j) = 1, P (k, k6 ¼j) = 0 were imposed, and the strain component p i was calculated. The simulated strain measured by the grids was evaluated by computing the average displacement (in the grid direction) at the extreme edge segments, and dividing the averaged displacement differences by the grid length, without retrieving any displacement information at the intermediate positions of the grids. With reference to Figure 4 , the whole procedure is summarized in detail hereafter: 100) on the sides AB and CD, both in Cartesian and polar coordinates. 2. Introduce the components of the unit vectors transverset and normaln (external to the grid) to segments AB and CD, at each integration point. 3. Calculate the displacements along the radial and tangential directions by local linear interpolation of the FE element results, at each integration point on sides AB and CD. 4. Evaluate the displacement components along the transverse and normal directions at the integration points. 5. Being the grid mainly sensitive to the extensional strain in the normal direction (transverse sensitivity, though not zero, is quite small and usually neglected), only the displacements along then direction at the integration points were considered. However,t direction displacements could also be taken into account on the lateral sides BC and AD if the transversal strain sensitivity was significant. 6. Average the normal displacements on the active sides AB and CD. 7. Compute the difference between AB and CD averaged displacements and divide it by the grid length to obtain the simulated measured strains e 1 , e 3 . 8. Evaluate e 1 , e 3 to calculate the combined strains p and q, while e 2 is unnecessary since the shear applied according to the load scheme of Figure 3 (b) is not along the 45°direction. 9. Deduce the matrix coefficients by multiplying p i by ÀE=(1 + n) for a ij , and q i by ÀE for b ij .
This calculation was repeated for all the 2550 simulated groove depths, load depths, and load type combinations to obtain coefficients a ij , b ij , with i5j (coefficients with i \ j are 0). The a, b matrices obtained for the Poisson's ratio n = 0:3 are reported in Tables 1 and 2 , respectively, split in blocks to fit the paper page.
Integer multiple-step coefficient determination
Lower resolution coefficients can be derived for any m multiple depth step of DH = 0:1 mm, for instance, m = 2, 5, 10 to be applied to measurements with higher depth steps. By implementing the superposition principle, the lower resolution coefficients can be obtained as simple summations of the original coefficients: every m row must be taken into account, corresponding to m30:1 mm groove depth. For each of these rows, elements must be collected in blocks of size m (starting from the leftmost one), and all the elements in the same block must be summed. At the end of this procedure, two smaller lower triangular matrices of size (50=m)3(50=m) are obtained.
For example, to obtain a ij and b ij for 1 mm depth step (m = 10), only the row indices 10, 20, 30, 40, and 50 must be considered. In the row with i = 10 of the matrix a, a single block of 10 values is built, whose sum is 0.1145. In the row with i = 20, two blocks of 10 values are built, whose sums are 0.1966 and 0.1139, and so on up to the row with i = 50 in which five values are obtained by summing the elements contained in each of the five blocks. The same procedure is to be repeated for matrix b.
Non-uniform steps, for example, as initially proposed by Zuccarello, 6 and recently re-proposed by Menda et al. 8, 9 and Zuccarello et al., 10 can also be obtained from the large matrices introduced above. However, the depths need to be approximated with the 0.1-mm resolution. At the beginning, the depth 0.6 mm is equivalent to six steps of the highresolution matrices, while 1.05 mm needs to be approximated as 1.1 mm, corresponding to 11 steps. According to this scheme, as graphically shown in Figure 5 , coefficient a 11 (b 11 ) is the sum of all the six elements of the sixth row, then coefficient a 21 (b 21 ) is the sum of the first six elements of the eleventh row, a 22 (b 22 ) is the sum of the coefficients from the seventh to the eleventh elements, and so on. (Figure 6 ), the load application and the relaxed strain calculation were completely different in this 3D analysis, thus it was unlikely to replicate the same error on both models. The successful comparison, even if verified for a few residual stress cases, gave high confidence about the proper application of the integral method and then the correctness of the coefficients. In principle, the same level of accuracy would have been obtained with a 3D model just by replicating the discretization in the section plane and then introducing a large number of divisions, for example, 100, along the angular direction. However, such a higher number of elements would require huge computing performances, basically without any significant advantage.
In the 3D analyses, the external load was applied as far field along the two principal directions x and y and the material removal simulated with no traction applied to the groove surfaces. The relaxed strains were then obtained as the difference between the final grooved geometry and the load uniformly applied before the material removal, which could be computed with Hooke's law. The problem features two symmetry planes which were considered to reduce the modelled volume by a factor of 4. The grid side points were simulated as any angle with respect to the first principal direction x, and those points outside the quarter volume were computed by exploiting the symmetries of the problem. The matrices for the integral method according to 0.5-mm resolution of the 3D model were obtained by applying the procedure introduced in the previous section and reported in Table 3 . Equation (9) was inverted to obtain the stresses, assuming as input the strains of the 3D FE analysis which was treated as a virtual residual stress experiment.
The calculated stress components were finally compared with the stresses imposed to the 3D model, after applying a tensor rotation to obtain the components according to the 1, 3 grid rosette frame. Indeed, a misalignment angle was introduced between the principal stress directions and the rosette frame to have a nonzero shear stress t 13 which also allowed to verify the sign definition of the strain component t (equation (3)). Five load and angle combinations were considered, and the average stress over the depth of 5 mm of each component was compared to the reference value, and then the differences were evaluated. This comparison is shown in Table 4 in which differences not larger than 1% are shown and in Figure 7 where the three stress components of the last case of Table 4 are plotted. The back-calculated stress distributions resulted quite uniform with just small variations at the extremes where the method is more sensitive to the disturbance, and the slight different results of the two FE models produced a detectable effect. It is worth noting that these differences are mainly to be imputed to the coarseness of the 3D analysis, as the plane axisymmetric model features a finer mesh and an exact angular dependence.
Sensitivity to eccentricity
The eccentricity between the hole and the rosette is an important issue in hole-drilling method. The generalization of the integral method proposed by Barsanti et al., 25 for taking into account the eccentricity in holedrilling, was adapted to ring-core too. According to that general approach, p, q, t and P, Q, T decomposition can be no more applied as the axisymmetry of the problem is lost. A more general (still linear) relationship between all the components of stress and strain is consequently introduced
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T is the vector collecting all the components of residual stresses in blocks of three elements (one block for each drilling depth) and e = (e (1) 1 , e (1) 2 , e
T is the vector collecting the relaxed strains, again in blocks of three elements. The lower triangular 333 block matrix A is defined in equation ( 
If the eccentricity is small, as it is expected in a correctly applied procedure, only the constant and the linear terms of these expansions are sufficient to approximate the effect. For hole-drilling, both the two first-order derivatives are nonzero, while these terms are zero for ring-core. The physical reason of this result is the symmetry property of geometry. As the grids are located at the centre, a displacement of the groove either parallel or orthogonal with respect to the grid direction produces a higher sensitivity at one side and a lower sensitivity at the opposite side, as schematically shown in Figure 8 , thus inducing a compensating effect. In fact, a displacement of the grid along a direction produces the same layout as the opposite direction plus a rotation of 180°, in which the latter is equivalent from the stress point of view. On the contrary, for holedrilling technique, a first-order net effect results unless special compensating grids are used, as investigated by Beghini et al. 28 and used by Iurea et al., 29 featuring an opposite grid, connected in series, for each of the three directions.
Numerical evaluation of elements A (ij)
hk for different eccentricities performed with the proposed model numerically confirmed that ring-core method does not experience sensitivity to eccentricity at the first order. Two examples of this analysis are reported in Figure 9 in which it is evident that the tangent plane of the functions A (ij)
hk (e 1 , e 3 ) at the origin is horizontal, with typical local shapes that are either an ellipsoidal surface ( Figure 9(a) ) or a saddle surface (Figure 9(b) ). For this reason, it was considered not necessary to introduce the form of equation (10) which is more cumbersome, and then the procedure based on p, q, t was assumed accurate enough even with a moderate eccentricity. Indeed, as evident in Figure 9 for the examined geometry, the coefficients A (ij) hk vary less than 1% when the eccentricity vector components (e 1 , e 3 ) are in the range 60:2 mm. The effects of the second-order terms in equation (12) are significant only for eccentricities which are relatively large and uncommon in typical experimental applications.
Experimental application
The mechanical system for automatically drilling the groove and performing the strain gage measurement, manufactured by SINT Technology, 30 is shown in Figure 10 along with HBM RY51 rosette. The drilling spindle of the device is hollow thus allowing the strain gage cables to pass through. The rosette requires a special preparation to protect the grids during drilling. The overall dimensions of the system are 310 mm long, 160 mm wide, and 230 mm maximum height. The centring is performed with two independent mechanical micrometric guides and a control webcam, connected with Ethernet TCP/IP. By this system, a positioning accuracy in the order of 60:15 mm can be obtained. The vertical feed motion is driven by a stepping motor, and the machining of the annular groove around the strain gage rosette is operated with a direct current (DC) motor to have tool rotational speed at approximately 200 r/min. The application introduced here is not intended to represent a validation, but an experimental example in which the residual stresses are effectively evaluated with different resolutions by means of proposed coefficients. The ring-core rosette was applied on the lateral surface of a tubular square bar made by ASTM A500 Grade B steel carrying a longitudinal weld. The centre of the measurement region was at 40 mm from the weld and grid 1 direction perpendicular to the weld bead. The measured relaxed strains with 0.1-mm milling tool incremental step are plotted in Figure 11(a) . Initially, the residual stresses were calculated with two resolutions (Figure 11(b) ): 1.0 mm (dashed lines) and 0.5 mm (solid lines). Higher resolution residual stress distributions, such as 0.2 mm or even 0.1 mm, can also be calculated with the proposed calibration matrices. However, for these small step values, the application of a filtering technique when solving equations (9) is recommended to reduce the effect of noise. In particular, Tikhonov regularization proposed in the standard ASTM E837, which can be applied to the integral method for ring-core in the same way as for hole-drilling, was demonstrated by Barsanti et al. 31 to mitigate the effect of measurement noise. Finally, the nonuniform step sequence, proposed by Zuccarello 6 for this arrangement, with eight depth increments and optimized strain measurement sensitivity, was implemented by means of the coefficients derived with the calculation scheme of Figure 5 . The obtained residual stress distribution is reported in Figure 11 (c), where it is evident that the trends of the components are quite similar to the solution obtained with 0.5 mm step. In fact, the optimized step sizes range between 0.4 and 0.7 mm up to 3.5 mm depth.
Conclusion
The article provides the calibration coefficients to apply the integral method in ring-core technique for measuring non-uniform in depth residual stress distributions. 
